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How can we design computers that are

guaranteed to interact correctly with the

physical world?
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

1 More than computers: no NullPointerException 6⇒ safe

2 More than physics: braking control v 2 ≤ 2b(MA− z) 6⇒ safe

3 Joint dynamics requires:
SB ≥ v 2
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

0
z

v

MA �← SB →
∀MA∃SB “Car always safe”
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Hybrid Systems Analysis is Important for . . .
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL =

FOLR +

DL + HP
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR

+ + HP

∀MA∃SB . . .

∀t≥0 . . .

z

v

MA

v 2 ≤ 2b(MA− z)

v ≤ 1 ∧ v 2 ≤ 2b(MA− z)
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR +

+ HP

v 2 ≤ 2b
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + ML

+ HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

� v 2 ≤ 2b
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL

+ HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b
[ ] v 2 ≤ 2b
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[z ′′ = a] v 2 ≤ 2b
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[if(z > SB) a :=−b; z ′′ = a] v 2 ≤ 2b
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

[ if(z > SB) a :=−b; z ′′ = a︸ ︷︷ ︸
hybrid program

] v 2 ≤ 2b
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

C → [ if(z > SB) a :=−b; z ′′ = a︸ ︷︷ ︸
hybrid program

] v 2 ≤ 2b
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hybrid program

] v 2 ≤ 2b

Initial
condition
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

v 2 ≤ 2b

v 2 ≤ 2b

v 2 ≤ 2b

C → [ if(z > SB) a :=−b; z ′′ = a︸ ︷︷ ︸
hybrid program

] v 2 ≤ 2b

Initial
condition

System
dynamics

Post
condition
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dL = FOLR + DL + HP

far

neg

cor

recfsa

v 2 ≤ 2b . .

Not
Compositional
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Differential Dynamic Logic dL: Syntax

Definition (Hybrid program α)

x ′ = f (x) (continuous evolution)
x := f (x) (discrete jump)

}
jump & test?H (conditional execution)

α;β (seq. composition) }
Kleene algebraα ∪ β (nondet. choice)

α∗ (nondet. repetition)
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Differential Dynamic Logic dL: Syntax
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Branching Transitions in Hybrid Programs

∪

?MA−z≤SB

?MA−z≥SB

a :=−b

a :=
A

τ := 0 z ′′ = a

τ ′ = 1
& τ≤ε

if(H)α elseβ ≡

(?H;α) ∪ (?¬H;β)

while(H)α ≡

(?H;α)∗; ?¬H

ETCS ≡ (ctrl ; drive)∗

ctrl ≡ (?MA− z ≤ SB; a :=−b)

∪ (?MA− z ≥ SB; a := A)

drive ≡ τ := 0; z ′ = v , v ′ = a, τ ′ = 1

& v ≥ 0 ∧ τ ≤ ε
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 7 / 33

http://symbolaris.com/


Branching Transitions in Hybrid Programs

∪

?MA−z≤SB

?MA−z≥SB

a :=−b

a :=
A

τ := 0 z ′′ = a

τ ′ = 1
& τ≤ε

if(H)α elseβ ≡

(?H;α) ∪ (?¬H;β)

while(H)α ≡

(?H;α)∗; ?¬H

ETCS ≡ (ctrl ; drive)∗

ctrl ≡ (?MA− z ≤ SB; a :=−b)

∪ (?MA− z ≥ SB; a := A)

drive ≡ τ := 0; z ′ = v , v ′ = a, τ ′ = 1

& v ≥ 0 ∧ τ ≤ ε
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Differential Dynamic Logic dL: Syntax

Definition (dL Formula φ)

θ1 ≥ θ2 | ¬φ | φ ∧ ψ | φ ∨ ψ | φ→ ψ | ∀x φ | ∃x φ | [α]φ | 〈α〉φ
with terms θ1, θ2 of nonlinear real arithmetic (+, ·)

SB ≥ . . . → [(ctrl ; drive)∗] z ≤ MA

All trains respect MA
RBC partitions MA

⇒ system collision free
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program α)

ρ(x := θ) = {(v ,w) : w = v except [[x ]]w = [[θ]]v}
ρ(?H) = {(v , v) : v |= H}

ρ(x ′ = f (x)) = {(ϕ(0), ϕ(r)) : ϕ |= x ′ = f (x) for some duration r}
ρ(α ∪ β) = ρ(α) ∪ ρ(β)
ρ(α;β) = ρ(β) ◦ ρ(α)

ρ(α∗) =
⋃
n∈N

ρ(αn)

Definition (dL Formula φ)

v |= θ1 ≥ θ2 iff [[θ1]]v ≥ [[θ2]]v
v |= [α]φ iff w |= φ for all w with (v ,w) ∈ ρ(α)
v |= 〈α〉φ iff w |= φ for some w with (v ,w) ∈ ρ(α)
v |= ∀x φ iff w |= φ for all w that agree with v except for x
v |= ∃x φ iff w |= φ for some w that agrees with v except for x
v |= φ ∧ ψ iff v |= φ and v |= ψ
v |= ¬φ iff v |= φ does not hold
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v w
x := f (x)

x
.

= [[f (x)]]v

Example

t

x

0

v

w
if w(x) = [[θ]]v

and w(z) = v(z) for z 6= x
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v w
x ′ = f (x)

& H

Example

t

x

H

w

v

ϕ(t)

x ′ = f (x)
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v s w

α;β

α β

Example
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v s1 s2 sn w

α∗

α α α

Example
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v s1 s2 sn w

α∗

α α α

Example
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v

w1

w2

α

β

α ∪ β

Example
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v

w1

w2

α

β

α ∪ β

Example

t

x
v w1

w2
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v

?H

if v |= H

if v 6|= H

Example

t

x

0

v
no change if v |= H

otherwise no transition
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Differential Dynamic Logic dL: Semantics

Definition (Formulas φ)

v
[α]φ

φ

φ

φ

α-span

[α]φ

〈β〉φ

β-span

〈β
〉[α

]-
sp

an

compositional semantics ⇒ compositional proofs!
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Ex: Car Control

Example ( Single car cars)

(
(

(

a := A

)

∪ a :=−b);

x ′ = v , v ′ = a

)∗
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Ex: Car Control

Control decision: accelerate or brake

Example ( Single car cars)
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Ex: Car Control

Repeat control decisions

Example ( Single car cars)(
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Ex: Car Control

Velocity bound v ≥ 0

Example ( Single car cars)(
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Ex: Car Control

Accelerate not always safe

Example ( Single car cars)(
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Ex: Car Control

Accelerate condition ?H

depends on A

Example ( Single car cars)(
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Ex: Car Control

Accelerate condition ?H depends on A
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Ex: Car Control & Sensors event-triggered

Example ( Single car care)(
((?H; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0

)∗
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Ex: Car Control & Sensors event-triggered

Accelerate condition tests proximity to m

Example ( Single car care)(
((?m−x ≥ 2; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0
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Ex: Car Control & Sensors event-triggered

Miss event m − x ≤ 2 ⇒ crash

Example ( Single car care)(
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Ex: Car Control & Sensors event-triggered

Guard for event 1 ≤ m − x ≤ 2

hard to implement

Example ( Single car care event-triggered)(
((?m−x ≥ 2; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0 ∧m−x ≥ 1

)∗
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Ex: Car Control & Sensors event-triggered

Guard for event 1 ≤ m − x ≤ 2 hard to implement
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Ex: Car Control & Sensors event-triggered

Careful with evolution domains!

Example ( Single car care event-triggered)(
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Ex: Car Control & Sensors time-triggered

Example ( Single car carε)(
((?H; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0

)∗
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Ex: Car Control & Sensors time-triggered

Example ( Single car carε time-triggered)(
((?H; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0 ∧ t ≤ ε

)∗

André Platzer (CMU) Logics of Dynamical Systems LICS’12 14 / 33

http://symbolaris.com/


Ex: Car Control & Sensors time-triggered

Example ( Single car carε time-triggered)(
((?H; a := A) ∪ a :=−b); x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
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Ex: Car Control & Sensors time-triggered

Trigger control every ≤ ε time units

Example ( Single car carε time-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗

1 2 3 4 5 6 7
t

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

a

1 2 3 4 5 6 7
t

-2

0

2

4

6

v

m

1 2 3 4 5 6 7
t

-2

0

2

4

6

8

10

x
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Ex: Car Control & Sensors time-triggered

Really faster ⇒ inefficient

Example ( Single car carε time-triggered)(
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Ex: Car Control & Sensors time-triggered

Really slower ⇒ crash

Example ( Single car carε time-triggered)(
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Ex: Car Control & Sensors time-triggered

Accelerate condition ?H depends on . . .

Example ( Single car carε time-triggered)(
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Ex: Car Control & Sensors time-triggered

Accelerate condition ?H depends on . . .

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)
Example ( Single car carε time-triggered)(

((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗
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Ex: Car Control Properties

Example (Single car cars)(
((?m−x ≥ 2; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0

)∗

Example ( Drives forward)

v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [cars ]v ≥ 0
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Ex: Car Control Properties

Example (Single car cars)(
((?m−x ≥ 2; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0

)∗
Example ( Drives forward)

v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [cars ]v ≥ 0
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Ex: Car Control Properties

Example (Single car cars)(
((?m−x ≥ 2; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0

)∗
Example ( Drives forward)

v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [cars ]v ≥ 0
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t
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Ex: Car Control Properties

True initially, preserved by definition

Example (Single car cars)(
((?m−x ≥ 2; a := A) ∪ a :=−b); x ′ = v , v ′ = a & v ≥ 0

)∗
Example ( Drives forward)

v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [cars ]v ≥ 0
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t
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗

Example ( )
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Stays before traffic light m)
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Stays before traffic light m)

v 2 ≤ 2b(m − x) ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Live, can move everywhere)
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Live, can move everywhere)

ε > 0 ∧ A > 0 ∧ b > 0→ ∀p ∃m 〈carε〉 x ≥ p
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Stays before traffic light m)

v 2 ≤ 2b(m − x) ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control Properties time-triggered

H ≡ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Stays before traffic light m if braking would)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control Properties time-triggered

Example ( Controllability equivalence)

v ≥ 0 ∧ b > 0→
(
v 2 ≤ 2b(m − x)↔ [x ′ = v , v ′ = −b]x ≤ m

)
Example (Single car carε event-triggered)(

((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗

Example ( Stays before traffic light m if braking would)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control Properties time-triggered

Example ()

H ≡

[t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m

↔ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Stays before traffic light m if braking would)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control Properties time-triggered

Example ( Model-predictive control)

H ≡ [t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m

↔ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)

Example (Single car carε event-triggered)(
((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε

)∗
Example ( Stays before traffic light m if braking would)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control Properties time-triggered

Example ( Model-predictive control equivalence)

H ≡ [t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m

↔ 2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)
Example (Single car carε event-triggered)(

((?H; a := A) ∪ a :=−b); t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗

Example ( Stays before traffic light m if braking would)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→ [carε]x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(? ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

??? ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(? ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 17 / 33

http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--lics7-MPC.jnlp


Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(? ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(? ??? ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(?[t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

[x ′ = v , v ′ = −b]x ≤ m ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(?[t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

v 2 ≤ 2b(m − x) ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(?[t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)

v 2 ≤ 2b(m − x) ∧ v ≥ 0 ∧ A ≥ 0 ∧ b > 0→[(
(

(?[t := 0; x ′ = v , v ′ = A, t ′ = 1 & v ≥ 0 ∧ t ≤ ε][x ′ = v , v ′ = −b]x ≤ m ;

a := A)

∪ a :=−b);

t := 0; x ′ = v , v ′ = a, t ′ = 1 & v ≥ 0 ∧ t ≤ ε
)∗]

x ≤ m
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Ex: Car Control dL MPC Design

Example ( dL-based model-predictive control design trafo)
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(?2b(m − x) ≥ v 2 +
(
A + b

)(
Aε2 + 2εv

)
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a := A)
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Ex: Bouncing Ball Properties

if(H)α elseβ ≡ (?H;α) ∪ (?¬H;β)

while(H)α ≡ (?H;α)∗; ?¬H

Example ( Bouncing ball)(
h′ = v , v ′ = −g & h ≥ 0;
if (h = 0) then

v := −cv

fi
)∗

Example (Bouncing ball height?)

v ≤ 0 ∧ 1 > c ≥ 0 ∧

h = H ∧ h ≥ 0 ∧ g > 0→ [ball](0 ≤ h ≤ H)

André Platzer (CMU) Logics of Dynamical Systems LICS’12 18 / 33

http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--bouncing-ball-if.jnlp


Ex: Bouncing Ball Properties

if(H)α elseβ ≡ (?H;α) ∪ (?¬H;β)

while(H)α ≡ (?H;α)∗; ?¬H

Example ( Bouncing ball)(
h′ = v , v ′ = −g & h ≥ 0;
if (h = 0) then

v := −cv

fi
)∗
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Not if c > 1 anti-damping
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Ex: Bouncing Ball Properties
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while(H)α ≡ (?H;α)∗; ?¬H

Example ( Bouncing ball)(
h′ = v , v ′ = −g & h ≥ 0;
if (h = 0) then

v := −cv

fi
)∗

Example (Bouncing ball height?)

v ≤ 0 ∧ 1 > c ≥ 0 ∧ h = H ∧ h ≥ 0 ∧ g > 0→ [ball](0 ≤ h ≤ H)

Not if v � 0 dribbling, initially
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Arbitrarily Nested Modalities and Nested Quantifiers

Example (Nest boxes and be happy)

[RBC]partitioned → ∃SB 〈Train〉[RBC]safe

([Train]safe)↔ v2

2b ≤ m − z . . .

[rbc](M → [spd]〈SB := ∗〉[atp; drive]safe)

[aircraft1]〈aircraft2〉separate
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Compositionality in Hybrid Systems

y

x
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Compositionality in Hybrid Systems

1

1
y

x−2 ≤ a ≤ 2

∧ b2 ≥ 1

3
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Proof Calculus for Differential Dynamic Logic

φθx
〈x := θ〉φ v w

φθx
x := θ

φ

∃t≥0 〈x := yx(t)〉φ
〈x ′ = f (x)〉φ

v w
x ′ = f (x)

φ

x := yx(t)

∃t≥0 (H̄ ∧ 〈x := yx(t)〉φ)

〈x ′ = f (x) & H〉φ

v w
x ′ = f (x) & H

φ

x := yx(t)x := yx (s)

H

H̄ ≡ ∀0≤s≤t 〈x := yx(s)〉H
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Proof Calculus for Differential Dynamic Logic

compositional semantics ⇒ compositional rules!

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β

[α][β]φ

[α;β]φ
v s w

α;β

[α][β]φ
α

[β]φ
β

φ

φ (φ→ [α]φ)

[α∗]φ v w

α∗

φ

α

φ→ [α]φ

α α

φ
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Deduction Modulo Real Arithmetic

↓ ↓ ↓↓↓
<+· 10

v ≥ 0, z < MA →QE
(
∃t (. . . t≥0 ∧ −b

2 t2 + vt + z > MA)
)

v ≥ 0, z < MA →∃t≥0 〈z :=−b
2 t2 + vt + z〉z > MA

v ≥ 0, z < MA →〈z ′ = v , v ′ = −b〉z > MA

v ≥ 0 ∧ z < MA→ 〈z ′ = v , v ′ = −b〉 z > MA

v ≥ 0, z < MA →t≥0

v ≥ 0, z < MA →−b
2 t2 + vt + z > MA

v ≥ 0, z < MA →〈z :=−b
2 t2 + vt + z〉z>MA

v ≥ 0, z < MA →t ≥ 0 ∧ 〈z :=−b
2 t2 + vt + z〉z > MA

start
side

QE
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Deduction Modulo (Side Deduction)
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Deduction Modulo (Side Deduction)

v ≥ 0, z < MA →v 2 > 2b(MA− z)

v ≥ 0, z < MA →∃t≥0 〈z :=−b
2 t2 + vt + z〉z > MA
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Deduction Modulo (Free Variables for Automation)

For requantification, not for unification

v ≥ 0, z < MA →

v ≥ 0, z < MA →T≥0

v ≥ 0, z < MA →−b
2 T 2 + vT + z > MA

v ≥ 0, z < MA →〈z :=−b
2 T 2 + vT + z〉z > MA

v ≥ 0, z < MA →T ≥ 0 ∧ 〈z :=−b
2 T 2 + vT + z〉z > MA

v ≥ 0, z < MA →∃t≥0 〈z :=−b
2 t2 + vt + z〉z>MA

v ≥ 0, z < MA →〈z ′ = v , v ′ = −b〉z > MA
v ≥ 0 ∧ z < MA→ 〈z ′ = v , v ′ = −b〉z > MA
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Deduction Modulo (Free Variables for Automation)

Skolemisation S(X )

true

QE(∀S∃X (X < S))

false

QE(∃X∀S(X < S))

(X < S)
∀s (X < s)
∃x ∀s (x < s)

false!
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∃x ∀s (x < s)

false!
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Deduction Modulo (Free Variables & Skolemisation)

Skolemisation S(X )

true
QE(∀S∃X (X < S))

false
QE(∃X∀S(X < S))

(X < S(X ))
∀s (X < s)
∃x ∀s (x < s)
false!
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Parametric Skeleton of ETCS

Read from the informal specification. . .
ETCSskel : (train ∪ RBC)∗

train : spd; atp; drive
spd : (?τ.v ≤ m.r ; τ.a := ∗; ?− b ≤ τ.a ≤ A)

∪(?τ.v ≥ m.r ; τ.a := ∗; ?− b ≤ τ.a ≤ 0)
atp : if(m.e − τ.z ≤ SB ∨ RBC.message = emergency) τ.a := −b
drive : t := 0; (τ.z ′ = τ.v , τ.v ′ = τ.a, t ′ = 1 & τ.v ≥ 0 ∧ t ≤ ε)
RBC : (RBC.message := emergency) ∪ (m := ∗; ?m.r > 0)

Example (Task)

Verify safety

Specification

[ETCSskel](τ.z ≥ m.e → τ.v ≤ m.d)

Issue

Lots of counterexamples!
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Parametric Skeleton of ETCS

As transition system. . . ETCS Train Control [safety]

?τ.v ≤ m.r

?τ.v ≥ m.r

τ.a := ∗

τ.a := ∗

?− b ≤ τ.a ≤ A

?0 > τ.a ≥ −b

?(m.e − τ.z ≤ SB∨
rbc.message = emergency)

?m.e − τ.z ≥ SB∧
rbc.message 6= emergency)

τ.a := −b

t := 0

τ.z ′ = τ.v ,
τ.v ′ = τ.a, t ′ = 1
τ.v ≥ 0 ∧ t ≤ ε

m0 := m m := ∗

rbc.message := emergency

Example (Task)

Verify safety

Specification

[ETCSskel](τ.z ≥ m.e → τ.v ≤ m.d)

Issue

Lots of counterexamples!
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dL formulas are valid:

` φ implies � φ

What about the converse?
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Incompleteness

Theorem

Discrete fragment and continuous fragment of dL characterize N

Proof.

Discrete fragment: 〈(x := x + 1)∗〉 x = n

+1 +1 +1 +1 +1

Continuous fragment:

〈s ′′ = −s, τ ′ = 1〉(s = 0 ∧ τ = n) ; s = sin
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Soundness and Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations. Proof Outline 15p

hybrid

discrete continuous

continuousdiscrete

continuous discrete

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!

Corollary (Compositionality)

hybrid systems can be verified by recursive decomposition

André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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André Platzer.
Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143–189, 2008.
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Ex: Car Control Design
Ex: Bouncing Ball
Compositionality in Hybrid Systems
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F
¬F

F

c [α]�φ φ
α

〈α〉Pφ P(φ)

ψ → [α]φ

ψ → [α]φ ψ → [α]φ

ψ → [α]φ ψ → [α]φ

diffsatloopsat

Strategy

Rule Engine Proof

Input File

Rule
base

Mathematica

QEPCAD

Orbital

KeYmaera Prover Solvers

1

2 2

4 4

8 8

16
16

16

∗

∗

16

8

4

2

1

cQ

Q

Q

for ∪ , ; ,:= do decompose

}
repeat until fixedpoint

Details

for x ′ = . . . do diffsat
for α∗ do loopsat
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Successful Hybrid Systems Proofs

far
neg

cor

recfsa

0 *

1

[SB := ((amax / b + 1) * ep * v + (v ^ 2 - d ^ 2) / (2 * b) + ((amax / b + 1) * amax * ep ^ 2) / 2)]

7

17

6

[?d >= 0 & do ^ 2 - d ^ 2 <= 2 * b * (m - mo) & vdes >= 0]

5

[vdes := *]

4

[d := *]

3

[m := *]

2

[mo := m]

[do := d]

8

[state := brake]

10

[?v <= vdes]

13

[?v >= vdes]

22

31

21

[{z‘ = v, v‘ = a, t‘ = 1, v >= 0 & t <= ep}]

18

28

17

[a := -b]

12

24

11

[?a >= 0 & a <= amax]

[a := *]

15

14

[?a <= 0 & a >= -b]

[a := *]

19

[t := 0]

*[?m - z <= SB | state = brake] [?m - z >= SB & state != brake]

x

y

c




c

Qx
entry

ex
it

Q

y

c

Q Q

QQ

x1

x2

y1

y2

d

ω e

ϑ̄

̟

cQ
x

Q
y

Q

z

x
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Successful Hybrid Systems Proofs

ey

fy

xb(lx, ly) ex fx

(rx, ry)

(vx, vy)
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Logics of Dynamical Systems

di
screte

continuous stoch
as
ti
c

differential dynamic logic

dL = DL + HP
[α]φ φ

α

Logic for hybrid systems

Logic + distributed hybrid systems

Logic + stochastic hybrid systems

Compositional proofs

Sound & complete / ODE

Differential invariants

KeYmaera
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SHIFT: A formalism and a programming language for dynamic
networks of hybrid automata.
In Panos J. Antsaklis, Wolf Kohn, Anil Nerode, and Shankar Sastry,
editors, Hybrid Systems, volume 1273 of LNCS, pages 113–133.
Springer, 1996.
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Op Par T Cl Tec Aut Cex Dim
HenzingerH94, HyTech X × X × X X X LHA
LafferrierePY99 X × X × X X forgetful reset
Fränzle99 X × X × X X × robust systems
CKrogh03, CheckMate X × X × X X X polyhedral
Frehse05, PHAVer X × X × X X X 8 LHA (+affine)
MysorePM05 X × X × X • X 4 bounded prefix
TomlinPS98,MBT05 ◦ × × × ◦ ◦ • 4 HJB numPDE
RatschanS07, HSolver X × × X X × 4 interval

MannaS98, STeP X × X ◦ × 7 inv7→VCG, flat

ÁbrahámSH01, PVS • × • ◦ × ≈9 HA↪→PVS, -“-

ZhouRH92, EDC × • X .. × × × × no maths
DavorenN00, Lµ × × X ◦ × × × prop. H-semantics
RönkköRS03, HGC X × × × × × × × HGC↪→HOL

SSManna04 • ◦ × X × 4/1 equational system
CTiwari05 • ◦ × X × 6/0 linear, -”-
PrajnaJP07, barrier • × × • × 3 needs 10000-dim

dL & dTL X X X X X • × 28 expr., compos.
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Dom Op Base Modal Quant Cmpl Aut
DL N FOL(N) FV+unify /N
dL R x ′ FOLR ODE FV+requant+QE /ODE IBC
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Soundness

Proof (Soundness).

x ′ = f (x)

Side deductions

Free variables & Skolemisation

Return
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Incompleteness

Theorem

Discrete fragment and continuous fragment of dL characterize N

Proof.

Discrete fragment: 〈(x := x + 1)∗〉 x = n

+1 +1 +1 +1 +1

Continuous fragment:

〈s ′′ = −s, τ ′ = 1〉(s = 0 ∧ τ = n) ; s = sin
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Incomplete! But are we missing proof rules?

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.

� φ iff TautFOD ` φ

where FOD = FOLR + [x ′1 = θ1, . . . , x
′
n = θn]F Proof Outline 15p

+ +

continuous discrete repeat

⇒
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Incomplete! But are we missing proof rules?

Relativity

Cook,Harel: discrete-DL/dataN hybrid-dL/dataR ??

Theorem (Relative Completeness)
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� φ iff TautFOD ` φ

where FOD = FOLR + [x ′1 = θ1, . . . , x
′
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+ +

continuous discrete repeat

⇒
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 8 / 119

http://symbolaris.com/


Sources of Incompleteness

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.

� φ iff TautFOD ` φ

where FOD = FOLR + [x ′1 = θ1, . . . , x
′
n = θn]F Proof Outline 15p

+ +

continuous discrete repeat

⇒
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.

� φ iff TautFOD ` φ

where FOD = FOLR + [x ′1 = θ1, . . . , x
′
n = θn]F Proof Outline 15p

+ +
⇒

Relativity

Cook,Harel: discrete-DL/data P.: hybrid-dL/differential equations
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.

� φ iff TautFOD ` φ

where FOD = FOLR + [x ′1 = θ1, . . . , x
′
n = θn]F Proof Outline 15p

+ +
⇒

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.

� φ iff TautFOD ` φ

where FOD = FOLR + [x ′1 = θ1, . . . , x
′
n = θn]F Proof Outline 15p

+ +
⇒

Corollary (Deductive Power)

dL calculus is supremal hybrid verification technique

André Platzer (CMU) Logics of Dynamical Systems LICS’12 8 / 119

http://symbolaris.com/


Relative Completeness Proof

� φ iff TautFOD ` φ
where FOD = FOLR + [x ′1 = θ1, . . . , x

′
n = θn]F

Proof (Relative Completeness, 10 pages) Return .

1 Strong invariants and variants expressible in dL
2 dL expressible in FOD

3 valid dL formulas dL-derivable from corresponding FOD axioms

4 finite FOD formula characterising unbounded hybrid repetition

5 FOD characterises R-Gödel encoding

6 First-order expressible & program rendition: ∀∀φ ∃∃F ∈ FOD � φ↔ F
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Proof (R-Gödel encoding) Return .

FOD characterises constructive bijection R→ R2

not differentiable!
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Air Traffic Control

x1

x2

y1

y2

d

ω e

ς

̺

 x ′1 = −v1+v2 cosϑ+ ωx2

x ′2 = v2 sinϑ− ωx1

ϑ′ = $ − ω


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looks correct NO!
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ϑ′ = $ − ω


Example (“Solving” differential equations)

x1(t) =
1

ω$

(
x1ω$ cos tω − v2ω cos tω sinϑ+ v2ω cos tω cos t$ sinϑ− v1$ sin tω

+ x2ω$ sin tω − v2ω cosϑ cos t$ sin tω − v2ω
√

1− sinϑ2 sin tω

+ v2ω cosϑ cos tω sin t$ + v2ω sinϑ sin tω sin t$
)
. . .
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Differential Invariants for Differential Equations

“Definition” (Differential Invariant) Details

“Formula that remains true in the direction of the dynamics”
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) Details

F closed under total differentiation with respect to differential constraints

André Platzer.
Differential-algebraic dynamic logic for differential-algebraic programs.
J. Log. Comput., 35(1): 309–352, 2010.

¬ ¬FF F χ

F

(χ→ F ′)

χ→ F

→[x ′ = θ&χ]F

(¬F ∧ χ→ F ′�)

[x ′ = θ&¬F ]χ

→〈x ′ = θ&χ〉F

d1 ≥ d2 → [x := a2 + 1;

d ′1 = −ωd2, d
′
2 = ωd1

] d1 ≥ d2

quantified nondeterminism/disturbance
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Ex: Nonlinear Dynamics

∗

a ≥ 0 →2x2((x − 3)4 + a) ≥ 0

a ≥ 0 →2x2x ′ ≥ 0

x3 ≥ −1 →[x ′ = (x − 3)4 + a & a ≥ 0]x3 ≥ −1
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 16 / 119

http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--nonlinear1.jnlp


Ex: Riccati

∗

6x2(x2 + x4) ≥ 0

6x2x ′ ≥ 0

2x3 ≥ 1
4 →[x ′ = x2 + x4]2x3 ≥ 1

4
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Differential Induction for Aircraft Roundabouts

2(x1 − y1)(−ω(x2 − y2)) + 2(x2 − y2)ω(x1 − y1) ≥ 0

2(x1 − y1)(d1 − e1) + 2(x2 − y2)(d2 − e2) ≥ 0

∂‖x−y‖2

∂x1
x ′1 + ∂‖x−y‖2

∂y1
y ′1 + ∂‖x−y‖2

∂x2
x ′2 + ∂‖x−y‖2

∂y2
y ′2 ≥ ∂p2

∂x1
x ′1 . . .

[x ′1 = d1, d
′
1 = − ωd2, x

′
2 = d2, d

′
2 = ωd1, ..](x1 − y1)2 + (x2 − y2)2 ≥ p2

x

y

c

−ωd2 + ωe2 = −ω(d2 − e2)

∂(d1−e1)
∂d1

d ′1 + ∂(d1−e1)
∂e1

e ′1 = −∂ω(x2−y2)
∂x2

x ′2 − ∂ω(x2−y2)
∂y2

y ′2

.. →[d ′1 = − ωd2, e
′
1 = − ωe2, x

′
2 = d2, d

′
2 = ωd1, ..]d1 − e1 = −ω(x2 − y2)

refine dynamics by differential cut
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Differential Induction & Differential Cuts
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) Details

F closed under total differentiation with respect to differential constraints

¬ ¬FF F χ

F

d1 ≥ d2 → [x := a2 + 1;

d ′1 = −ωd2, d
′
2 = ωd1

] d1 ≥ d2

quantified nondeterminism/disturbance
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) Details

F closed under total differentiation with respect to differential constraints

F
¬F

F

c

d1 ≥ d2 → [x > 0→ ∃a (a < 5 ∧ x := a2 + 1);

∃ω (ω ≤ 1 ∧ d ′1 = −ωd2 ∧ d ′2 = ωd1) ∨ (d ′1 ≤ 2d1)

] d1 ≥ d2

discrete quantified nondeterminism/disturbance
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Assuming Differential Invariance

¬ ¬FF F ¬ ¬FF F

(H → F ′)

(H → F )→[x ′ = θ& H]F

(F ∧ H → F ′)

(H → F )→[x ′ = θ& H]F

Example (Restrictions)

x2 − 6x + 9 = 0 →y2x − 6y = 0

x2 − 6x + 9 = 0 →y ∂(x2−6x+9)
∂x − x ∂(x2−6x+9)

∂y = 0

x2 − 6x + 9 = 0 →[x ′ = y , y ′ = −x ]x2 − 6x + 9 = 0

0 y

x
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 20 / 119

http://symbolaris.com/


Assuming Differential Invariance

¬ ¬FF F ¬ ¬FF F

(H → F ′)

(H → F )→[x ′ = θ& H]F

(F ∧ H → F ′)

(H → F )→[x ′ = θ& H]F

Example (Restrictions)

x2 − 6x + 9 = 0 →y2x − 6y = 0

x2 − 6x + 9 = 0 →y ∂(x2−6x+9)
∂x − x ∂(x2−6x+9)

∂y = 0

x2 − 6x + 9 = 0 →[x ′ = y , y ′ = −x ]x2 − 6x + 9 = 0

0 y

x
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Differential Invariance of Negative Equations

Example (Negative equations)

∗
∀x (1 6= 0)

x 6= 0 →[x ′ = 1]x 6= 0

0 t

x x0 + t

x
′ = 1
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Differential Invariance of Negative Equations

Example (Negative equations are unsound!)

∗
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Disjunctive Differential Invariants

F ∧ G ′ ≡

F ′ ∧ G ′

F ∨ G ′ ≡

Example (Provable)

d2
1 + d2

2 = v 2 → [d ′1 = −ωd2, d
′
2 = ωd1] d2

1 + d2
2 = v 2

Example (Consequence)

x1 ≥ 0 ∨ d2
1 + d2

2 = v 2 → [d ′1 = −ωd2, d
′
2 = ωd1](x1 ≥ 0 ∨ d2

1 + d2
2 = v 2)
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 22 / 119

http://symbolaris.com/


Disjunctive Differential Invariants

F ∧ G ′ ≡ F ′ ∧ G ′

F ∨ G ′ ≡ F ′ ∨ G ′ ?

Example (Provable)

d2
1 + d2

2 = v 2 → [d ′1 = −ωd2, d
′
2 = ωd1] d2

1 + d2
2 = v 2

Example (Consequence)

x1 ≥ 0 ∨ d2
1 + d2

2 = v 2 → [d ′1 = −ωd2, d
′
2 = ωd1](x1 ≥ 0 ∨ d2

1 + d2
2 = v 2)
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The Structure of Differential Invariants

Theorem (Closure properties of differential invariants)

Closed under conjunction, differentiation, and propositional equivalences.

Theorem (Differential Invariance Chart)

DI= DI=,∧,∨

DI> DI>,∧,∨

DI≥ DI≥,∧,∨

DI

DI≥,=,∧,∨

DI>,=,∧,∨

André Platzer.
The structure of differential invariants and differential cut elimination.
Logical Methods in Computer Science, 2012.
André Platzer (CMU) Logics of Dynamical Systems LICS’12 24 / 119
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Differential Cuts

F→[x ′ = θ& H]C F→[x ′ = θ& (H ∧ C )]F

F→[x ′ = θ& H]F

Theorem (Gentzen’s Cut Elimination)

A→B ∨ C A ∧ C→B

A→B
cut can be eliminated

Theorem (No Differential Cut Elimination)

Deductive power with differential cut exceeds deductive power without.
DCI > DI

André Platzer.
The structure of differential invariants and differential cut elimination.
Logical Methods in Computer Science, 2012.
André Platzer (CMU) Logics of Dynamical Systems LICS’12 25 / 119
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Ex: Differential Cuts

∗

y 5 ≥ 0 →2x2((x − 3)4 + y 5) ≥ 0

y 5 ≥ 0 →2x2x ′ ≥ 0

x3 ≥ −1 →[x ′ = (x − 3)4 + y 5, y ′ = y 2 & y 5 ≥ 0]x3 ≥ −1 .

x3 ≥ −1 ∧ y 5 ≥ 0 →[x ′ = (x − 3)4 + y 5, y ′ = y 2]x3 ≥ −1

∗

5y 4y 2 ≥ 0

5y 4y ′ ≥ 0

y 5 ≥ 0 →[x ′ = (x − 3)4 + y 5, y ′ = y 2]y 5 ≥ 0

André Platzer (CMU) Logics of Dynamical Systems LICS’12 26 / 119
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Differential Cuts

F→[x ′ = θ& H]C F→[x ′ = θ& (H ∧ C )]F

F→[x ′ = θ& H]F

Theorem (Gentzen’s Cut Elimination)

A→B ∨ C A ∧ C→B

A→B
cut can be eliminated

Theorem (No Differential Cut Elimination)

Deductive power with differential cut exceeds deductive power without.
DCI > DI

André Platzer.
The structure of differential invariants and differential cut elimination.
Logical Methods in Computer Science, 2012.
André Platzer (CMU) Logics of Dynamical Systems LICS’12 27 / 119
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 27 / 119

http://symbolaris.com/


Differential Cuts

F→[x ′ = θ& H]C F→[x ′ = θ& (H ∧ C )]F

F→[x ′ = θ& H]F

Theorem (Gentzen’s Cut Elimination)

A→B ∨ C A ∧ C→B

A→B
cut can be eliminated

Theorem (No Differential Cut Elimination)

Deductive power with differential cut exceeds deductive power without.
DCI > DI
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Ex: Exponentials

Counterexample ()

not valid

−x > 0

x ′ > 0

x > 0 →[x ′ = −x ]x > 0

0 t

x
x0

x0e−t

x ′= −x
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Ex: Exponentials

Counterexample (Cannot prove)

not valid
−x > 0
x ′ > 0

x > 0 →[x ′ = −x ]x > 0

0 t

x
x0

x0e−t

x ′= −x
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Differential Auxiliaries

Example (Successful proof)

∗

x > 0↔ ∃y xy 2 = 1

∗

−xy 2 + 2xy y
2 = 0

x ′y 2 + x2yy ′ = 0

xy 2 = 1 →[x ′ = −x , y ′ = y
2 ]xy 2 = 1

x > 0 →[x ′ = −x ]x > 0

0 t

x
x0

x0e−t

x ′= −x

y
′ =

y
2

André Platzer (CMU) Logics of Dynamical Systems LICS’12 29 / 119
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Differential Auxiliaries

φ↔ ∃y ψ ψ→[x ′ = θ, y ′ = ϑ& H]ψ

φ→[x ′ = θ& H]φ

if y ′ = ϑ has solution y : [0,∞)→ Rn

Theorem (Auxiliary Differential Variables)

Deductive power with differential auxiliaries exceeds deductive power
without.

DCI + DA > DCI

André Platzer.
The structure of differential invariants and differential cut elimination.
Logical Methods in Computer Science, 2012.
André Platzer (CMU) Logics of Dynamical Systems LICS’12 30 / 119
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6 Formal Details
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Completeness Proof
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Differential Invariants as Fixedpoints

ψ → [α]φ

ψ1 → [α1]φ1 ψ2 → [α2]φ2

ψ3 → [α3]φ3 ψ4 → [α4]φ4

diffsat

loopsat

for ∪ , ; ,:= do decompose }
repeat until fixedpoint

Details

for x ′ = . . . do diffsat
for α∗ do loopsat

André Platzer (CMU) Logics of Dynamical Systems LICS’12 32 / 119
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Derivations and Differentiation

Definition (Syntactic total derivation D : Trm → Trm)

D(r) = 0 if r is a (rigid) number symbol

D(x (n)) = x (n+1) if x ∈ Σ is flexible, n ≥ 0

D(a + b) = D(a) + D(b)

D(a · b) = D(a) · b + a · D(b)

D(a/b) = (D(a) · b − a · D(b))/b2

D(F ) ≡
m∧
i=1

D(Fi ) {F1, . . . ,Fm} all literals of F

D(a ≥ b) ≡ D(a) ≥ D(b) accordingly for <,>,≤,=

P ≡ (x1 − y1)2 + (x2 − y2)2 ≥ p2

⇒ D(P) ≡ 2(x1 − y1)(x ′1 − y ′1) + 2(x2 − y2)(x ′2 − y ′2) ≥ 0
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Derivations and Differentiation

Syntactic derivation D(·) coincides with analytic differentiation:

Lemma (Derivation lemma)

Valuation is differential homomorphism: for all flows ϕ all ζ ∈ [0, r ]

d [[θ]]ϕ(t)

dt
(ζ) = [[D(θ)]]ϕ̄(ζ)

Locally understand differential equations by substitution:

Lemma (Differential substitution principle)

If ϕ |= x ′i = θi ∧ χ, then ϕ |= D ↔ (χ→ Dθi
x ′i

) for all D.

Theorem (Differential Invariant)

χ→ F ′

χ→ F→[x ′ = θ&χ]F
sound for F ′ ≡ D(F )θx ′
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) Details

F closed under total differentiation with respect to differential constraints

¬ ¬FF F χ

F

(χ→ F ′)

χ→ F→[x ′ = θ&χ]F

(¬F ∧ χ→ F ′�)

[x ′ = θ&¬F ]χ→〈x ′ = θ&χ〉F

d1 ≥ d2 → [x := a2 + 1;

d ′1 = −ωd2, d
′
2 = ωd1

] d1 ≥ d2

quantified nondeterminism/disturbance
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Ex: Differential Variant for Progress Discovery

a > 0

∃ε>0∀x (x ≤ b → a ≥ ε)

∃ε>0∀x (x ≤ b → x ′ ≥ ε

〈x ′ = a〉x ≥ b
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Differential Variants for Flight Progress

b > 0

QE(∃d ((‖d‖2 ≤ b2) ∧ (d1 > 0 ∧ d2 > 0)))

‖d‖2 ≤ b2

d1 > 0 ∧ d2 > 0

∃ε>0 ∀x1, x2 (x1 < p1 ∨ x2 < p2 → d1 ≥ ε ∧ d2 ≥ ε)
〈F(0)〉(x1 ≥ p1 ∧ x2 ≥ p2)

‖d‖2 ≤ b2 ∧ 〈F(0)〉(x1 ≥ p1 ∧ x2 ≥ p2)

∃d (‖d‖2 ≤ b2 ∧ 〈F(0)〉(x1 ≥ p1 ∧ x2 ≥ p2))

∀p ∃d (‖d‖2 ≤ b2 ∧ 〈F(0)〉(x1 ≥ p1 ∧ x2 ≥ p2))

F(0) ≡ x ′1 = d1 ∧ x ′2 = d2

F ≡ x1 ≥ p1 ∧ x2 ≥ p2

F ′ ≡ x ′1 ≥ 0 ∧ x ′2 ≥ 0

F ′ ≥ ε ≡ x ′1 ≥ ε ∧ x ′2 ≥ ε
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Differential Variants for Progress

Example (Progress)

∀x (x > 0→ −x < 0)
〈x ′ = −x〉x ≤ 0

0 t

x
x0

x0e−t

x ′= −x

André Platzer (CMU) Logics of Dynamical Systems LICS’12 40 / 119

http://symbolaris.com/


Differential Variants for Progress

Example (Progress)

∀x (x > 0→ −x < 0)
〈x ′ = −x〉x ≤ 0

0 t

x
x0

x0e−t

x ′= −x
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Differential Variants for Progress

Example (Unsound without minimal progress!)

∀x (x > 0→ −x < 0)
〈x ′ = −x〉x ≤ 0

0 t

x
x0

x0e−t

x ′= −x
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Differential Variants for Progress

Example (Mixed dynamics)

∗
∃ε>0∀x∀y (x < 6→ 1 ≥ ε)

〈x ′ = 1 ∧ y ′ = 1 + y 2〉x ≥ 6

y

x

���Π
2 Π ������3 Π

2 2 Π
t

-6

-4

-2

0

2

4
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Differential Variants for Progress

Example (Unsound without Lipschitz-continuity!)

∗
∃ε>0∀x∀y (x < 6→ 1 ≥ ε)

〈x ′ = 1 ∧ y ′ = 1 + y 2〉x ≥ 6

y

x

���Π
2 Π ������3 Π

2 2 Π
t

-6

-4

-2

0

2

4
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Temporal Modalities + Dynamic Modalities

problem technique Op Par T closed

ETCS |= z < MA TL-MC X × X ×
|= (Ax(ETCS)→ z < MA) TL-calculus × . . . X . . .
|= [ETCS] z < MA DL-calculus X X × X
|= [ETCS]� z < MA dTL-calculus X X X X

differential temporal dynamic logic

dTL = TL + DL + HP

[α]♦φ

φ

♦φ
φ

φ
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Proof Calculus for Temporal dTL

φ ∧ [x := θ]φ

[x := θ]�φ v w

φ
x := θ

φ

[α]�φ ∧ [α][β]�φ

[α;β]�φ

v s w

α;β

α

�φ

β

�φ

α;β ≡ α�φ

[x ′ = θ]φ

[x ′ = θ]�φ
v

w
x ′ = f (x)

�φ
ws

x ′ = f (x)

φ
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Modular Verification Calculus for Temporal dTL

[α∗][α]�φ

[α∗]�φ
v w

α∗

α∗

α α α

�φ
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KeYmaera Verification Architecture

ψ→[α]φ

Deductive
Prover

QE(Φ)

Φ

alg(Φ)

Φ

R-Algebraic
Elimination

Computer
Algebra

key

QE(key)

key

alg(key)

56 interactions?

1

2 2

4 4

8 8

16
16

16

∗

∗

16

8

4

2

1

0–1 interactions!
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KeYmaera Prover Architecture

Strategy

Rule Engine Proof

Input File

Rule
base

QEPCAD

Redlog

Mathematica

Orbital

KeYmaera Prover

Solvers
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ETCS Controllability

m.d τ.z

τ.v

m.e

τ.v 2 −m.d2 ≤ 2b(m.e − τ.z)

Proposition ( Controllability)

[τ.z ′ = τ.v , τ.v ′ = −b & τ.v ≥ 0](τ.z ≥ m.e → τ.v ≤ m.d)

≡ τ.v 2 −m.d2 ≤ 2b(m.e − τ.z)
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ETCS RBC Controllability

E
O
A

NEW
EOA

NEW
EOA

NEW
EOAXX

Proposition (RBC Controllability)

m.d ≥ 0 ∧ b > 0→ [m0 := m; RBC]
(

m0.d
2 −m.d2 ≤ 2b(m.e −m0.e) ∧m0.d ≥ 0 ∧m.d ≥ 0↔ ∀τ(

(〈m := m0〉τ.v 2 −m.d2 ≤ 2b(m.e − τ.z))→ τ.v 2 −m.d2 ≤ 2b(m.e − τ.z)
))
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ETCS Reactivity

m.d
τ.z

τ.v

← SB → m.e

Proposition ( Reactivity)(
∀m.e ∀τ.z

(
m.e − τ.z ≥ SB ∧ τ.v 2 −m.d2 ≤ 2b(m.e − τ.z)→

[τ.a := A; drive] τ.v 2 −m.d2 ≤ 2b(m.e − τ.z)
))

≡ SB ≥ τ.v 2 −m.d2

2b
+

(
A

b
+ 1

)(
A

2
ε2 + ε τ.v

)
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ETCS Safety

E
O
A

E
O
A

Proposition ( Safety)

τ.v 2 −m.d2 ≤ 2b(m.e − τ.z)→
[ETCS](τ.z ≥ m.e → τ.v ≤ m.d)
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ETCS Liveness

E
O
A

N
E
W
E

O
A

N
E
W

E
O
A

Proposition ( Liveness)

τ.v > 0 ∧ ε > 0 → ∀P 〈ETCS〉 τ.z ≥ P
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Safety Despite Disturbances

So far: no wind, friction, etc.
Direct control of the acceleration

Issue
This is unrealistic!

Solution Take disturbances into account.

Theorem

ETCS is controllable , reactive , and safe in the presence of disturbances.

Proof sketch

The system now contains τ.a− l ≤ τ.v ′ ≤ τ.a + u instead of τ.v ′ = τ.a.
; We cannot solve the differential equations anymore.

; Use differential invariants for approximation. For details see paper.

Platzer, A.:
Differential-algebraic dynamic logic for differential-algebraic programs.
J. Log. Comput., 35(1): 309–352, 2010.
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Smooth Speed Control

So far
Almost completely non-deterministic control.

Issue
This is unrealistic!

Solution Verify proportional-integral (PI) controllers used in trains.

Truncate

In

min

max

Out1

Step

SpeedPlant

1
s

PI Output

Controller

v0−v a

Acceleration
A

9
−b

−7
v0−v
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Solution Verify proportional-integral (PI) controllers used in trains.

Truncate

In

min

max

Out1

Step

SpeedPlant

1
s

PI Output

Controller

v0−v a

Acceleration
A

9
−b

−7
v0−v

a
1

[1.679 0.0008; 1 0]*u

K*u

[0.1995 0.000024; 1 0]*u

K*u
min

1
s

v0−v
1
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Smooth Speed Control

So far
Almost completely non-deterministic control.

Issue
This is unrealistic!

Solution Verify proportional-integral (PI) controllers used in trains.

Truncate

In

min

max

Out1

Step

SpeedPlant

1
s

PI Output

Controller

v0−v a

Acceleration
A

9
−b

−7
v0−v

a
1

K*u

1
s

v0−v
1

ss

Differential equation system

τ.v ′ = min
(

A,max
(
−b, `(τ.v −m.r)− i s − c m.r

))
∧ s ′ = τ.v −m.r
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Smooth Speed Control

So far
Almost completely non-deterministic control.

Issue
This is unrealistic!

Solution Verify proportional-integral (PI) controllers used in trains.

Theorem

The ETCS system remains safe when speed is controlled by a PI controller.

Proof sketch

Cannot solve differential equations really. Use differential invariants! For details

see paper.

Platzer, A.:
Differential-algebraic dynamic logic for differential-algebraic programs.
J. Log. Comput., 35(1): 309–352, 2010.
André Platzer (CMU) Logics of Dynamical Systems LICS’12 56 / 119

http://symbolaris.com/


Experimental Results (ETCS)

Case Study Int Time(s) Mem(Mb) Steps Dim

controllability train 0 0.6 6.9 14 5
controllability RBC 0 0.5 6.4 42 12
controllability RBC 0 0.9 6.5 82 12
reactivity 13 279.1 98.3 265 14
reactivity 0 103.9 61.7 47 14
safety 0 2052.4 204.3 153 14
liveness essentials 4 35.2 92.2 62 10
liveness simplified 6 9.6 23.5 134 13
controllability disturbance 0 2.8 8.3 26 7
reactivity disturbance 1 23.7 47.6 76 15
safety disturbance 1 5805.2 34 218 16
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European Train Control System (ETCS)

provable automatically!
spec : τ.v 2 −m.d2 ≤ 2b(m.e − τ.p) ∧ τ.v ≥ 0 ∧m.d ≥ 0 ∧ b > 0

→ [ETCS](τ.p ≥ m.e → τ.v ≤ m.d)
ETCS: (train ∪ rbc)∗

train : spd; atp; move
spd : (?τ.v ≤ m.r ; τ.a := ∗; ?− b ≤ τ.a ≤ A)

∪(?τ.v ≥ m.r ; τ.a := ∗; ?0 > τ.a ≥ −b)

atp : SB := τ.v2−m.d2

2b +
(
A
b + 1

)(
A
2 ε

2 + ε τ.v
)
;

(?(m.e − τ.p ≤ SB ∨ rbc.message = emergency); τ.a := −b)
∪(?m.e − τ.p ≥ SB ∧ rbc.message 6= emergency)

move : t := 0; (τ.p′ = τ.v , τ.v ′ = τ.a, t ′ = 1 & τ.v ≥ 0 ∧ t ≤ ε)
rbc : (rbc.message := emergency)

∪
(
m0 := m;m := ∗;

?m.r ≥ 0 ∧m.d ≥ 0 ∧m0.d
2 −m.d2 ≤ 2b(m.e −m0.e)

)
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1 Branch of ETCS Proof

state = 0,

2 * b * (m - z) >= v ^ 2 - d ^ 2,

v >= 0, d >= 0, v >= 0, ep > 0, b > 0, amax > 0, d >= 0

==>

v <= vdes

-> \forall R a_3;

( a_3 >= 0 & a_3 <= amax

-> ( m - z

<= (amax / b + 1) * ep * v

+ (v ^ 2 - d ^ 2) / (2 * b)

+ (amax / b + 1) * amax * ep ^ 2 / 2

-> \forall R t0;

( t0 >= 0

-> \forall R ts0; (0 <= ts0 & ts0 <= t0 -> -b * ts0 + v >= 0 & ts0 + 0 <= ep)

-> 2 * b * (m - 1 / 2 * (-b * t0 ^ 2 + 2 * t0 * v + 2 * z))

>= (-b * t0 + v) ^ 2

- d ^ 2

& -b * t0 + v >= 0

& d >= 0))

& ( m - z

> (amax / b + 1) * ep * v

+ (v ^ 2 - d ^ 2) / (2 * b)

+ (amax / b + 1) * amax * ep ^ 2 / 2

-> \forall R t2;

( t2 >= 0

-> \forall R ts2; (0 <= ts2 & ts2 <= t2 -> a_3 * ts2 + v >= 0 & ts2 + 0 <= ep)

-> 2 * b * (m - 1 / 2 * (a_3 * t2 ^ 2 + 2 * t2 * v + 2 * z))

>= (a_3 * t2 + v) ^ 2

- d ^ 2

& a_3 * t2 + v >= 0

& d >= 0)))
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Air Traffic Control
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Air Traffic Control

x1

x2

y1

y2

d

ω e

ς

̺

 x ′1 = −v1+v2 cosϑ+ ωx2

x ′2 = v2 sinϑ− ωx1

ϑ′ = $ − ω


Verification?

looks correct NO!
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Air Traffic Control

x1

x2

y1

y2

d

ω e

ς

̺

 x ′1 = −v1+v2 cosϑ+ ωx2

x ′2 = v2 sinϑ− ωx1

ϑ′ = $ − ω


Example (“Solving” differential equations)

x1(t) =
1

ω$

(
x1ω$ cos tω − v2ω cos tω sinϑ+ v2ω cos tω cos t$ sinϑ− v1$ sin tω

+ x2ω$ sin tω − v2ω cosϑ cos t$ sin tω − v2ω
√

1− sinϑ2 sin tω

+ v2ω cosϑ cos tω sin t$ + v2ω sinϑ sin tω sin t$
)
. . .
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Air Traffic Control
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 x ′1 = −v1+v2 cosϑ+ ωx2

x ′2 = v2 sinϑ− ωx1

ϑ′ = $ − ω


Example (“Solving” differential equations)

∀t≥0

=

1

ω$

(
x1ω$ cos tω − v2ω cos tω sinϑ+ v2ω cos tω cos t$ sinϑ− v1$ sin tω

+ x2ω$ sin tω − v2ω cosϑ cos t$ sin tω − v2ω
√

1− sinϑ2 sin tω

+ v2ω cosϑ cos tω sin t$ + v2ω sinϑ sin tω sin t$
)
. . .
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Flyable Roundabout Maneuver: Overview
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Fixedpoint Iterations for Air Traffic Control
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Example (dL formula of verification subgoal)

→
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Fixedpoint Iterations for Air Traffic Control
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Example (dL formula of verification subgoal)

safe ∧ far → [agree](safe ∧ far ∧ compatible)
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Fixedpoint Iterations for Air Traffic Control
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Example (dL formula of verification subgoal)

safe ∧ far ∧ compatible → [entry](safe ∧ tangential)
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Example (dL formula of verification subgoal)

safe ∧ tangential → [exit](safe ∧ far)
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Fixedpoint Iterations for Air Traffic Control
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Example (dL formula of verification subgoal)

safe ∧ far → [free](safe ∧ far)
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Flyable Roundabout Maneuver: Entry

free
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entry
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exit
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far ∧
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φ
∧

fa
r c

r

r
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x
ω < 0 ω > 0

y

Example (dL formula of verification subgoal)

(rω)2 = ‖d‖2 ∧ ‖x − c‖ =
√

3r ∧ ∃λ≥0 (x + λd = c)∧
‖h − c‖ = 2r ∧ d = −ω(x − h)⊥

→ [F(−ω) & ‖x − c‖ ≥ r ]
(
‖x − c‖ ≤ r → d = ω(x − c)⊥

)
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Flyable Roundabout Maneuver: Entry
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Example (dL formula of verification subgoal)

‖x − y‖ ≥
√

2(p + 2bT ) ∧ p ≥ 0 ∧ ‖d‖2 ≤ ‖e‖2 ≤ b2 ∧ b ≥ 0 ∧ T ≥ 0

→ [entry] (‖x − y‖ ≥ p)
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Flyable Roundabout Maneuver: Entry
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Example (dL formula of verification subgoal)

x = z ∧ ‖d‖2 ≤ b2 ∧ b ≥ 0

→ [τ := 0; ∃ωF(ω) ∧ τ ′ = 1] (‖x − z‖∞ ≤ τb)
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Flyable Roundabout Maneuver: Exit
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Example (dL formula of verification subgoal)

T ∧ ‖x − y‖2 ≥ p2 → [x ′ = d ∧ y ′ = e] (‖x − y‖2 ≥ p2)
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Flyable Roundabout Maneuver: Exit
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Example (dL formula of verification subgoal)

T ∧ d 6= e → ∀a 〈x ′ = d ∧ y ′ = e〉 (‖x − y‖2 > a2)
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Tangential Roundabout Collision Avoidance Maneuver

provable automatically!

ψ ≡ φ→ [trm∗]φ

φ ≡ ‖x − y‖2 ≥ p2 ≡ (x1 − y1)2 + (x2 − y2)2 ≥ p2

trm ≡ free; entry; F(ω) ∧ G(ω)

free ≡ ∃ωF(ω) ∧ ∃$ G($) ∧ φ
entry ≡ ∃u ω := u; ∃c (d := ω(x − c)⊥ ∧ e := ω(y − c)⊥)

F(ω) ≡


x ′1 = v cosϑ = d1

∧ x ′2 = v sinϑ = d2

∧ d ′1 = v(− sinϑ)ϑ′ = −ωd2

∧ d ′2 = v(cosϑ)ϑ′ = ωd1

 G($) ≡


y ′1 = e1

∧ y ′2 = e2

∧ e ′1 = −$e2

∧ e ′2 = $e1


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provable automatically!

ψ ≡ φ→ [trm∗]φ
φ ≡ (x1 − y1)2 + (x2 − y2)2 ≥ p2 ∧ (y1 − z1)2 + (y2 − z2)2 ≥ p2

∧(x1 − z1)2 + (x2 − z2)2 ≥ p2 ∧ (x1 − u1)2 + (x2 − u2)2 ≥ p2

∧(y1 − u1)2 + (y2 − u2)2 ≥ p2 ∧ (z1 − u1)2 + (z2 − u2)2 ≥ p2

trm ≡ free; entry;
x ′1 = d1 ∧ x ′2 = d2 ∧ d ′1 = −ωxd2 ∧ d ′2 = ωxd1

∧y ′1 = e1 ∧ y ′2 = e2 ∧ e′1 = −ωye2 ∧ e′2 = ωye1

∧z ′1 = f1 ∧ z ′2 = f2 ∧ f ′1 = −ωz f2 ∧ f ′2 = ωz f1

∧u′1 = g1 ∧ u′2 = g2 ∧ g ′1 = −ωug2 ∧ g ′2 = ωug1

free ≡ (ωx := ∗; ωy := ∗; ωz := ∗; ωu := ∗;
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entry ≡ ω := ∗; c := ∗;
d1 :=−ω(x2 − c2); d2 := ω(x1 − c1);
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Experimental Results (Air Traffic Control)

Case Study Time(s) Mem(Mb) Steps Dim

tangential roundabout (2a/c) 10.4 6.8 197 13
tangential roundabout (3a/c) 253.6 7.2 342 18
tangential roundabout (4a/c) 382.9 10.2 520 23
tangential roundabout (5a/c) 1882.9 39.1 735 28

bounded maneuver speed 0.5 6.3 14 4

flyable roundabout entry∗ 10.1 9.6 132 8

flyable entry feasible∗ 104.5 87.9 16 10

flyable entry circular 3.2 7.6 81 5

limited entry progress 1.9 6.5 60 8
entry separation 140.1 20.1 512 16

mutual negotiation successful 0.8 6.4 60 12
mutual negotiation feasible∗ 7.5 23.8 21 11
mutual far negotiation 2.4 8.1 67 14

simultaneous exit separation∗ 4.3 12.9 44 9
different exit directions 3.1 11.1 42 11
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Embedding Hybrid Automata as Hybrid Programs

accel
z ′ = v , v ′ = a

brake
z ′ = v , v ′ = a

v ≥ 0

z ≥ SB

a :=−b

v ≤ 1

a := a + 5

;

q := accel;(
(?q = accel; z ′ = v , v ′ = a)

∪ (?q = accel ∧ z ≥ SB; a :=−b; q := brake; ?v ≥ 0)
∪ (?q = brake; z ′ = v , v ′ = a & v ≥ 0)

∪ (?q = brake ∧ v ≤ 1; a := a + 5; q := accel)
)∗
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Cyber-Physical Systems:

Hybrid Systems

Q: I want to verify my car

A: Hybrid systems Q: But there’s a lot of cars!

Challenge

(Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)
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Cyber-Physical Systems:

Distributed Systems

Q: I want to verify a lot of cars

A: Distributed systems Q: But they move!

Challenge

(Distributed Systems)

Local computation
(finite state automaton)

Remote communication
(network graph)
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Cyber-Physical Systems:

Distributed Hybrid Systems

Q: I want to verify lots of moving cars

A: Distributed hybrid systems Q: How?

Challenge

(Distributed Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

Structural dynamics
(communication/coupling)

Dimensional dynamics
(appearance)
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Model for Distributed Hybrid Systems

Q: How to model distributed hybrid systems

A: Quantified Hybrid Programs

Model (Distributed Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

Structural dynamics
(communication/coupling)

Dimensional dynamics
(appearance)

n := newCar

⇒ Communication

∀i

d(i , `(i)) := d(i , `(i)) + 10

⇒ Discrete structural dynamics

`(i) := `(`(i))

⇒ Continuous structural dynamics

∀i

x(i)′′ = a(i) + c(i , `(i))a(`(i))
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Related Work

No formal verification of distributed hybrid systems

Shift [13] The Hybrid System
Simulation Programming
Language

R-Charon [14] Modeling Language
for Reconfigurable Hybrid
Systems

Hybrid CSP [15] Semantics in
Extended Duration Calculus

HyPA [16] Translate fragment into
normal form.

χ process algebra [17] Simulation,
translation of fragments to
PHAVER, UPPAAL

Φ-calculus [18] Semantics in rich set
theory

ACPsrt
hs [19] Modeling language
proposal

OBSHS [20] Partial random
simulation of objects
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 75 / 119

http://symbolaris.com/


Quantified Differential Dynamic Logic QdL: Syntax

Definition (Quantified hybrid program α)

∀i : C x(i)′ = θ (quantified ODE)
∀i : C x(i) := θ (quantified assignment)

}
jump & test?χ (conditional execution)

α;β (seq. composition) }
Kleene algebraα ∪ β (nondet. choice)

α∗ (nondet. repetition)
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Definition (Quantified hybrid program α)

∀i : C x(i)′ = θ (quantified ODE)
∀i : C x(i) := θ (quantified assignment)

}
jump & test?χ (conditional execution)

α;β (seq. composition) }
Kleene algebraα ∪ β (nondet. choice)

α∗ (nondet. repetition)
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appear ≡ n := newC ; ?(∀j : C far(j , n))

ctrl ≡ ∀i : C a(i) := if∀j : C far(i , j) then a else−b fi

drive ≡ ∀i : C x(i)′′ = a(i)

newC is definable!
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Quantified Differential Dynamic Logic QdL: Syntax

Definition (QdL Formula φ)

¬,∧,∨,→, ∀x ,∃x , =,≤, +, · (R-first-order part)
[α]φ, 〈α〉φ (dynamic part)

∀i , j : C far(i , j)→ [(appear ; ctrl ; drive)∗] ∀i 6=j : C x(i) 6= x(j)

far(i , j) ≡ i 6= j → x(i) < x(j) ∧ v(i) ≤ v(j) ∧ a(i) ≤ a(j)

∨ x(i) > x(j) ∧ v(i) ≥ v(j) ∧ a(i) ≥ a(j) . . .

   (  )  (  )

  (2)   (2)   (1)  (1)  (3)  (3)  (4)  (4)
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Quantified Differential Dynamic Logic QdL: Semantics

Definition (Quantified hybrid program α: transition semantics)

v w
∀i : C x(i) := θ

Example

t

x

0

v

w
if w(x)([[i ]]v e

i
) = [[θ]]v e

i
(for all e)

and otherwise unchanged
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Quantified Differential Dynamic Logic QdL: Semantics

Definition (Quantified hybrid program α: transition semantics)

v w
∀i : C x(i)′ = θ

&χ

Example

t

x

χ

w

v

ϕ(t)

∀i x(i)′ = θ

d [[x(i)]]ϕ(t)ei

dt
(ζ) = [[θ]]ϕ(ζ)ei

(for all e)
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Quantified Differential Dynamic Logic QdL: Semantics

Definition (Quantified hybrid program α: transition semantics)

v s w

α;β

α β

Example
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α∗
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Quantified Differential Dynamic Logic QdL: Semantics

Definition (Quantified hybrid program α: transition semantics)

v

w1

w2

α

β

α ∪ β

Example
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Quantified Differential Dynamic Logic QdL: Semantics

Definition (Quantified hybrid program α: transition semantics)

v

w1

w2

α

β

α ∪ β

Example

t

x
v w1

w2
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Quantified Differential Dynamic Logic QdL: Semantics

Definition (Quantified hybrid program α: transition semantics)

v

?χ

if v |= χ

if v 6|= χ

Example

t

x

0

v
no change if v |= χ

otherwise no transition
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 77 / 119

http://symbolaris.com/


Quantified Differential Dynamic Logic QdL: Semantics

Definition (QdL Formula φ )

v
[α]φ

φ

φ

φ

α-span

[α]φ

〈β〉φ

β-span

〈β
〉[α

]-
sp

an

compositional semantics ⇒ compositional calculus!
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 78 / 119

http://symbolaris.com/


Quantified Differential Dynamic Logic QdL: Semantics

Definition (QdL Formula φ )

v α-span

[α]φ

〈β〉φ

β-span

〈β
〉[α

]-
sp

an

compositional semantics ⇒ compositional calculus!
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Proof Calculus: Quantified Differential Dynamic Logic

∀i (i = ~u → φ(θ))

φ([∀i x(i) := θ]x(~u))

v w
∀i x(i) := θ

φ

∃t≥0 〈∀i x(i) := yi (t)〉φ
〈∀i x(i)′ = θ〉φ

v w
∀i x(i)′ = θ

φ

∀i x(i) := yi (t)

solve infinite-dimensional diff. eqn.?

∃t≥0 (χ̄ ∧ 〈x := yx(t)〉φ)

〈x ′ = f (x)〉φ

v w
x ′ = f (x)

φ

x := yx(t)x := yx (s)

χ

χ̄ ≡ ∀0≤s≤t 〈x := yx(s)〉χ
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 79 / 119

http://symbolaris.com/


Proof Calculus: Quantified Differential Dynamic Logic

∀i (i = [∀i x(i) := θ]~u → φ(θ))

φ([∀i x(i) := θ]x(~u))

v w
∀i x(i) := θ

φ

∃t≥0 〈∀i x(i) := yi (t)〉φ
〈∀i x(i)′ = θ〉φ

v w
∀i x(i)′ = θ

φ
∀i x(i) := yi (t)

solve infinite-dimensional diff. eqn.?

∃t≥0 (χ̄ ∧ 〈x := yx(t)〉φ)

〈x ′ = f (x)〉φ

v w
x ′ = f (x)

φ

x := yx(t)x := yx (s)

χ

χ̄ ≡ ∀0≤s≤t 〈x := yx(s)〉χ
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Proof Calculus: Quantified Differential Dynamic Logic

compositional semantics ⇒ compositional rules!

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β

[α][β]φ

[α;β]φ
v s w

α;β

[α][β]φ
α

[β]φ
β

φ

φ (φ→ [α]φ)

[α∗]φ v w

α∗

φ

α

φ→ [α]φ

α α

φ
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Proof Calculus: Quantified Differential Dynamic Logic

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β

[α][β]φ

[α;β]φ
v s w

α;β

[α][β]φ
α

[β]φ
β

φ

φ (φ→ [α]φ)

[α∗]φ v w

α∗

φ

α

φ→ [α]φ

α α

φ
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Proof Calculus: Quantified Differential Dynamic Logic

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β
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[α;β]φ
v s w
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[α][β]φ
α

[β]φ
β

φ
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φ

α

φ→ [α]φ

α α
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Proof Calculus: Quantified Differential Dynamic Logic

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β

[α][β]φ

[α;β]φ
v s w
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α

[β]φ
β

φ
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φ

α
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Deduction Modulo

∀i 6=j x(i)6=x(j) →∀j 6=k (x(j) ≤ x(k) ∧ v(j) ≤ v(k) ∨ x(j) ≥ x(k) ∧ v(j) ≥ v(k))

∀i 6=j x(i)6=x(j) →∀j 6=k ∀t≥0 (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0∀j 6=k (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0∀j 6=k [∀i x(i) :=−b
2 t2 + v(i)t + x(i)] x(j)6=x(k)

∀i 6=j x(i)6=x(j) →∀t≥0 [∀i x(i) :=−b
2 t2 + v(i)t + x(i)]∀j 6=k x(j)6=x(k)

∀i 6=j x(i)6=x(j) →[∀i x(i)′ = v(i), v(i)′ = −b] ∀j 6=k x(j) 6=x(k)

   (  )  (  )

  (2)   (2)   (1)  (1)  (3)  (3)  (4)  (4)
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 81 / 119

http://symbolaris.com/


Deduction Modulo

∀i 6=j x(i)6=x(j) →∀j 6=k (x(j) ≤ x(k) ∧ v(j) ≤ v(k) ∨ x(j) ≥ x(k) ∧ v(j) ≥ v(k))

∀i 6=j x(i)6=x(j) →∀j 6=k ∀t≥0 (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0 ∀j 6=k (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0 ∀j 6=k [∀i x(i) :=−b
2 t2 + v(i)t + x(i)] x(j)6=x(k)

∀i 6=j x(i)6=x(j) →∀t≥0 [∀i x(i) :=−b
2 t2 + v(i)t + x(i)]∀j 6=k x(j)6=x(k)

∀i 6=j x(i)6=x(j) →[∀i x(i)′ = v(i), v(i)′ = −b] ∀j 6=k x(j) 6=x(k)

   (  )  (  )

  (2)   (2)   (1)  (1)  (3)  (3)  (4)  (4)

André Platzer (CMU) Logics of Dynamical Systems LICS’12 81 / 119

http://symbolaris.com/


Deduction Modulo

∀i 6=j x(i)6=x(j) →∀j 6=k (x(j) ≤ x(k) ∧ v(j) ≤ v(k) ∨ x(j) ≥ x(k) ∧ v(j) ≥ v(k))

∀i 6=j x(i)6=x(j) →∀j 6=k ∀t≥0 (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0 ∀j 6=k (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0 ∀j 6=k [∀i x(i) :=−b
2 t2 + v(i)t + x(i)] x(j)6=x(k)

∀i 6=j x(i)6=x(j) →∀t≥0 [∀i x(i) :=−b
2 t2 + v(i)t + x(i)]∀j 6=k x(j)6=x(k)

∀i 6=j x(i)6=x(j) →[∀i x(i)′ = v(i), v(i)′ = −b] ∀j 6=k x(j) 6=x(k)

   (  )  (  )

  (2)   (2)   (1)  (1)  (3)  (3)  (4)  (4)
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 81 / 119

http://symbolaris.com/


Deduction Modulo

∀i 6=j x(i)6=x(j) →∀j 6=k (x(j) ≤ x(k) ∧ v(j) ≤ v(k) ∨ x(j) ≥ x(k) ∧ v(j) ≥ v(k))

∀i 6=j x(i)6=x(j) →∀j 6=k ∀t≥0 (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0 ∀j 6=k (−b
2 t2 + v(j)t + x(j) 6= −b

2 t2 + v(k)t + x(k))

∀i 6=j x(i)6=x(j) →∀t≥0 ∀j 6=k [∀i x(i) :=−b
2 t2 + v(i)t + x(i)] x(j)6=x(k)

∀i 6=j x(i)6=x(j) →∀t≥0 [∀i x(i) :=−b
2 t2 + v(i)t + x(i)]∀j 6=k x(j)6=x(k)

∀i 6=j x(i)6=x(j) →[∀i x(i)′ = v(i), v(i)′ = −b] ∀j 6=k x(j) 6=x(k)

   (  )  (  )

  (2)   (2)   (1)  (1)  (3)  (3)  (4)  (4)
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Actual Existence and Creation

Actual Existence Function

∃

(·)

∃

(i) =

{
0 if i denotes a possible object

1 if i denotes an actively existing objects

[(∀j : C n := j);

?(

∃

(n) = 0);

∃

(n) := 1

]φ

[n := newC ]φ

∀i : C ! φ ≡ ∀i : C (

∃

(i) = 1→ φ)

∀i : C ! f (i) := θ ≡ ∀i : C f (i) := (if

∃

(i) = 1 then θ else f (i) fi)

∀i : C ! f (i)′ = θ ≡ ∀i : C f (i)′ =

∃

(i)θ

   (  )  (  )

  (2)   (2)   (1)  (1)  (3)  (3)  (4)  (4)
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Soundness and Completeness

Theorem (Relative Completeness)

QdL calculus is a sound & complete axiomatisation of distributed hybrid
systems relative to quantified differential equations. Proof 16p.

Corollary (Proof-theoretical Alignment)

proving distributed hybrid systems = proving dynamical systems!

Corollary (Decomposition!)

distributed hybrid systems can be verified by recursive decomposition

André Platzer.
Quantified differential dynamic logic for distributed hybrid systems.
In Anuj Dawar and Helmut Veith, editors,
CSL, vol. 6247 of LNCS, 469–483. Springer, 2010.
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Quantified Differential Invariants

Definition (Quantified Differential Invariant)

Quantified formula F closed under total differentiation with respect to
quantified differential constraints
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Derivations and Differentiation

Definition (Syntactic total derivation D)

D(r) = 0 if r a number symbol

D(x(i)) = x(i)′ if x : C → R, C 6= R
D(a + b) = D(a) + D(b)

D(a · b) = D(a) · b + a · D(b)

D(a/b) = (D(a) · b − a · D(b))/b2

D(a ≥ b) ≡ D(a) ≥ D(b) accordingly for >,=

D(F ∧ G ) ≡ D(F ) ∧ D(G )

D(∀i F ) ≡ ∀i D(F )

P ≡ ∀i , j : A
(
i = j ∨ (x1(i)− x1(j))2 + (x2(i)− x2(j))2 ≥ p2

)
⇒ D(P) ≡ ∀i , j : A

(
i ′ = j ′ ∧ 2(x1(i)− x1(j))(x1(i)′ − x1(j)′)

+ 2(x2(i)− x2(j))(x2(i)′ − x2(j)′) ≥ 0
)
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Derivations and Differentiation

Syntactic derivation D(·) coincides with analytic differentiation:

Lemma (Derivation lemma)

Valuation is a differential homomorphism: for all flows ϕ all ζ ∈ [0, r ]

d [[θ]]ϕ(t)

dt
(ζ) = [[D(θ)]]ϕ̄(ζ)

Locally understand QDE as quantified assignments:

Lemma (Quantified differential substitution principle)

If ϕ |= ∀i : C f (i)′ = θ& H, then ϕ |= υ = [∀i : C f (i)′ := θ]υ for all υ.

Theorem (Quantified Differential Invariant)

(QDI )
H→[∀i : C f (~i)′ := θ]D(F )

F→[∀i : C f (~i)′ = θ& H]F
is sound
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A Simple Proof with Quantified Differential Invariants

true

∀i : C 6x(i)2(x(i)2 + x(i)4 + 2) ≥ 0

[∀i : C x(i)′ := x(i)2 + x(i)4 + 2]∀i : C 6x(i)2x(i)′ ≥ 0

[∀i : C x(i)′ := x(i)2 + x(i)4 + 2]∀i : C 2(x(i)3)′ ≥ 0

∀i : C 2x(i)3 ≥ 1 →[∀i : C x(i)′ = x(i)2 + x(i)4 + 2]∀i : C 2x(i)3 ≥ 1
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Outline Background

6 Formal Details
Soundness Proof
Completeness Proof

7 Differential Algebraic Dynamic Logic DAL (Excerpt)
Air Traffic Control
Structure of Differential Invariants
Computing Differential Invariants as Fixedpoints
Derivations and Differentiation
Differential Variants

8 Differential Temporal Dynamic Logic dTL (Excerpt)
9 Deduction Modulo Real Algebraic and Computer Algebraic Constraints

10 European Train Control System
11 Collision Avoidance Maneuvers in Air Traffic Control
12 Hybrid Automata Embedding
13 Distributed Hybrid Systems
14 Car Control Verification
15 Stochastic Hybrid Systems
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Driver’s License Test for Robotic Cars?

Proof!
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Car Control: Local Lane Control Challenge

Challenge: Local lane dynamics

A car controller for a differential equation
respects separation of local lane.

Follower car maintains safe distance to leader:

f � `→ [(ai := ctrl; x ′′i = ai )
∗
] f � `

f � ` ≡ (xf ≤ x`) ∧ (f 6= `)→

(x` > xf +
v 2
f

2b
− v 2

`

2B
∧ x` > xf ∧ vf ≥ 0 ∧ v` ≥ 0)
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Car Control: Local Lane Control Challenge

f � `→ [llc] f � `

Hybrid Program (Local lane control)

llc ≡ (ctrl ; dyn)∗

ctrl ≡ `ctrl || fctrl ;

`ctrl ≡ (a` := ∗; ?(−B ≤ a` ≤ A))

fctrl ≡
(
af := ∗; ?(−B ≤ af ≤ −b)

)
∪
(
?Safeε; af := ∗; ?(−B ≤ af ≤ A)

)
∪
(
?(vf = 0); af := 0

)
Safeε ≡ xf +

v 2
f

2b
+

(
A

b
+ 1

)(
A

2
ε2 + εvf

)
< x` +

v 2
`

2B

dyn ≡ (t := 0; x ′f = vf , v ′f = af , x ′` = v`, v ′` = a`, t
′ = 1

& vf ≥ 0 ∧ v` ≥ 0 ∧ t ≤ ε)
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Car Control: Global Lane Control Challenge

Challenge: Global lane dynamics

All controllers for arbitrarily many
differential equations respect
separation globally on lane.

Each car safe behind all others

! !

[(∀i a(i) := ctrl; ∀i x(i)′′ = a(i))
∗
]∀i , j i � j
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[(∀i a(i) := ctrl; ∀i x(i)′′ = a(i))
∗
]∀i , j i � j
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Car Control: Global Lane Control Challenge

∀i : C i � `(i)→ [glc](∀i : C i � `∗(i))

Quantified Hybrid Program (Global lane control)

glc ≡ (ctrln; dynn)∗

ctrln ≡∀i : C (ctrl(i))

ctrl(i) ≡
(
a(i) := ∗; ?(−B ≤ a(i) ≤ −b)

)
∪
(
?Safeε(i); a(i) := ∗; ?(−B ≤ a(i) ≤ A)

)
∪
(
?(v(i) = 0); a(i) := 0

)
Safeε(i) ≡ x(i) +

v(i)2

2b
+

(
A

b
+ 1

)(
A

2
ε2 + εv(i)

)
< x(`(i)) +

v(`(i))2

2B

dynn ≡ t := 0; ∀i : C (dyn(i), t ′ = 1 & v(i) ≥ 0 ∧ t ≤ ε)

dyn(i) ≡ x(i)′ = v(i), v(i)′ = a(i)

i � `∗(i) ≡ [k := i ; (k := `(k))∗]i � k
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Car Control: Local Highway Control Challenge

Challenge: Local highway dynamics

All controllers for arbitrarily many
differential equations respect
separation locally on highway.

For each lane: all controllers for the
differential equations respect
separation even if cars appear or
disappear.

Each car safe behind all others, even if
new cars appear or disappear.

!

[(n := newC ; ∀i a(i) := ctrl; ∀i x(i)′′ = a(i))
∗
]∀i , j i � j
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Car Control: Local Highway Control Challenge

∀i : C i � `(i)→ [glc](∀i : C i � `∗(i))

Quantified Hybrid Program (Local highway control)

lhc ≡ (delete∗; create∗; ctrln; dynn)∗

create ≡ n := new; ?(F (n)� n ∧ n� `(n))

(n := new) ≡ n := ∗; ?(

∃

(n) = 0);

∃

(n) := 1

F (n)� n ≡ ∀j : C (`(j) = n→ j � n)

delete ≡ n := ∗; ?(

∃

(n) = 1);

∃

(n) := 0
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Car Control: Global Highway Control Challenge

Challenge: Global highway dynamics

All controllers for arbitrarily
many differential equations
respect separation globally on
highway.

All controllers for the differential
equations respect separation
even if cars switch lanes.

On all lanes, all car safe behind
all others on their lanes, even if
cars switch lanes.

!

[∀l (n := newC ; ∀i a(i) := ctrl; ∀i x(i)′′ = a(i))
∗
]∀l ∀i , j i � j

André Platzer (CMU) Logics of Dynamical Systems LICS’12 96 / 119

http://symbolaris.com/


Car Control: Global Highway Control Challenge

Challenge: Global highway dynamics

All controllers for arbitrarily
many differential equations
respect separation globally on
highway.

All controllers for the differential
equations respect separation
even if cars switch lanes.

On all lanes, all car safe behind
all others on their lanes, even if
cars switch lanes.

!

[∀l (n := newC ; ∀i a(i) := ctrl; ∀i x(i)′′ = a(i))
∗
]∀l ∀i , j i � j
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 96 / 119

http://symbolaris.com/


Car Control: Global Highway Control Challenge

Challenge: Global highway dynamics

All controllers for arbitrarily
many differential equations
respect separation globally on
highway.

All controllers for the differential
equations respect separation
even if cars switch lanes.

On all lanes, all car safe behind
all others on their lanes, even if
cars switch lanes.

!

[∀l (n := newC ; ∀i a(i) := ctrl; ∀i x(i)′′ = a(i))
∗
]∀l ∀i , j i � j
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Car Control: Global Highway Control Challenge

∀l : L∀i : Cl i � `l(i)→
[(∀l : L delete∗l ; ∀l : L new∗l ;∀l : L ctrlnl ;∀l : L dynn

l )∗] ∀l : L∀i : Cl i � `∗l (i)

Quantified Hybrid Program (Global highway control)

ghc ≡ (∀l : L delete∗l ; ∀l : L new∗l ; ∀l : L , ctrlnl ; ∀l : L dynn
l )∗
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Outline Background

6 Formal Details
Soundness Proof
Completeness Proof

7 Differential Algebraic Dynamic Logic DAL (Excerpt)
Air Traffic Control
Structure of Differential Invariants
Computing Differential Invariants as Fixedpoints
Derivations and Differentiation
Differential Variants

8 Differential Temporal Dynamic Logic dTL (Excerpt)
9 Deduction Modulo Real Algebraic and Computer Algebraic Constraints

10 European Train Control System
11 Collision Avoidance Maneuvers in Air Traffic Control
12 Hybrid Automata Embedding
13 Distributed Hybrid Systems
14 Car Control Verification
15 Stochastic Hybrid Systems
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Cyber-Physical Systems:

Hybrid Systems

Q: I want to verify trains

A: Hybrid systems Q: But there’s uncertainties!

Challenge

(Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)
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Cyber-Physical Systems: Hybrid Systems

Q: I want to verify trains A: Hybrid systems

Q: But there’s uncertainties!

Challenge (Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)
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Cyber-Physical Systems:

Probabilistic Systems

Q: I want to verify uncertain trains

A: Markov chains Q: But trains move!

Challenge

(Probabilistic Systems)

Directed graph
(Countable state space)

Weighted edges
(Transition probabilities)
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Cyber-Physical Systems: Probabilistic Systems

Q: I want to verify uncertain trains A: Markov chains

Q: But trains move!

Challenge (Probabilistic Systems)

Directed graph
(Countable state space)
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(Transition probabilities)
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Cyber-Physical Systems:

Stochastic Hybrid Systems

Q: I want to verify uncertain systems

A: Stochastic hybrid systems Q: How?

Challenge

(Stochastic Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

Stochastic dynamics
(uncertainty)

Discrete stochastic
(lossy communication)

Continuous stochastic
(wind, track)

z

v

m
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Cyber-Physical Systems: Stochastic Hybrid Systems

Q: I want to verify uncertain systems A: Stochastic hybrid systems

Q: How?

Challenge (Stochastic Hybrid Systems)

Continuous dynamics
(differential equations)

Discrete dynamics
(control decisions)

Stochastic dynamics
(uncertainty)

Discrete stochastic
(lossy communication)

Continuous stochastic
(wind, track) z

v

m
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Cyber-Physical Systems: Stochastic Hybrid Systems
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Cyber-Physical Systems: Stochastic Hybrid Systems

Q: I want to verify uncertain systems A: Stochastic hybrid systems Q: How?
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Cyber-Physical Systems

discrete

continuous stochas
tic

hybrid discrete stochastic

continuous stochastic

SHS
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Cyber-Physical Systems
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Model for Stochastic Hybrid Systems

discrete

continuous stochas
tic

a := −b

d2x
dt2 = a

1
3 a := −b ⊕ 2

3 a := a + 1

a := −b; d2x
dt2 = a a := ∗

dX = bdt + σdW

SHS
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Stochastic Differential Equations (SDE)

Definition (Ordinary differential equation (ODE))

dx(t)

dt
= b(x(t)) x(0) = x0

t

x

dx(t)

dt
= 1 x0 + t

Definition (Itō stochastic differential equation (SDE))

dXt = b(Xt)dt + σ(Xt)dWt X0 = Z

0.2 0.4 0.6 0.8 1.0

 - 1

1

2

0.2 0.4 0.6 0.8 1.0

1

1

2

-

-
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Brownian Motion is Extremely Complex

Definition (Brownian motion W ⇒ end of calculus)

1 W0 = 0 (start at 0)

2 Wt almost surely continuous

3 Wt −Ws ∼ N (0, t − s) (independent normal increments)

⇒ a.s. continuous everywhere but nowhere differentiable

⇒ a.s. unbounded variation, 6∈ FV, nonmonotonic on every interval
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Stochastic Hybrid Programs: Syntax

Definition (Stochastic hybrid program α)

x := θ (assignment) }
jump & testx := ∗ (random assignment)

?H (conditional execution)
dx = bdt + σdW & H (SDE)
α;β (seq. composition) }

algebraλα ⊕ νβ (convex combination)
α∗ (nondet. repetition)
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Stochastic Hybrid Program: Process Semantics

Z Xt

xi := f (x)

xi
.

= [[f (x)]]Z

Definition (Stochastic hybrid program α: process semantics )

xi := θ = Ŷ Y (ω)i = [[θ]]Z(ω) and Yj = Zj (for j 6= i)

(|xi := θ|)Z = 0

t

x

0

Z

Xt
if Xt i = [[θ]]Z

and Xt j = Zj for j 6= i
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Stochastic Hybrid Program: Process Semantics

Z Xt

xi := ∗

xi ∼ U(0, 1)

Definition (Stochastic hybrid program α: process semantics )

xi := ∗ = Û Ui ∼ U(0, 1) i.i.d. F0-measurable

(|xi := ∗|)Z = 0

t

x

0

Z

Xt

Xt

if Xt i ∼ U(0, 1)

and Xt(z) = Z (z) for z 6= x
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Stochastic Hybrid Program: Process Semantics

Z

?H

on {Z |= H}

on {Z 6|= H}

Definition (Stochastic hybrid program α: process semantics )

?H = Ẑ on the event {Z |= H}
(|?H|)Z = 0

t

x

0

Z
no change on {Z |= H}
otherwise not defined
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Stochastic Hybrid Program: Process Semantics

Z Xt

dx = bdt + σdW & H

Definition (Stochastic hybrid program α: process semantics )

dx = bdt + σdW & H solves dX = [[b]]Xdt + [[σ]]XdBt ,X0 = Z

(|dx = bdt + σdW & H|)Z = inf{t ≥ 0 : Xt 6∈ H}

t

x

HZ

Xt

dx = bdt + σdW & H
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Stochastic Hybrid Program: Process Semantics

Z

Xt

Xt

α

β

λα ⊕ νβ

Definition (Stochastic hybrid program α: process semantics )

λα ⊕ νβ = IU≤λα + IU>λβ =

{
α on event {U ≤ λ}
β on event {U > λ}

(|λα ⊕ νβ|)Z = IU≤λ(|α|)Z + IU>λ(|β|)Zwith i.i.d. U ∼ U(0, 1),F0-meas

t

x

Z
XtXt
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Stochastic Hybrid Program: Process Semantics

Z s Xt

α;β

α β

Definition (Stochastic hybrid program α: process semantics )

α;β =

{
α on event {t < (|α|)Z}
β on event {t ≥ (|α|)Z}

(|α;β|)Z = (|α|)Z + (|β|)α

t

x

Z

s Xt
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Stochastic Hybrid Program: Process Semantics

Z s1 s2 sn Xt

α∗

α α α

Definition (Stochastic hybrid program α: process semantics )

α∗ = αn on event {(|αn|)Z > t}
(|α∗|)Z = lim

n→∞
(|αn|)Z

monotone!

t

x
Z Xt
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Stochastic Hybrid Program: Process Semantics

Z s1 s2 sn Xt
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α α α
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x
Z Xt
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Stochastic Differential Dynamic Logic SdL: Syntax

Definition (SdL term f )

F (primitive measurable function, e.g., characteristic IA)
λf + νg (linear term)
Bf (scalar term for boolean term B)
〈α〉f (reachable)

Definition (SdL formula φ)

φ ::= f ≤ g | f = g
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Stochastic Differential Dynamic Logic SdL: Semantics

Definition (Measurable semantics)

[[F ]]Z = F `(Z ) i.e., [[F ]]Z (ω) = F `(Z (ω))

[[λf + νg ]]Z = λ[[f ]]Z + ν[[g ]]Z

[[Bf ]]Z = [[B]]Z ∗ [[f ]]Z i.e., [[Bf ]]Z (ω) = [[B]]Z (ω)[[f ]]Z (ω)

[[〈α〉f ]]Z = sup{[[f ]]α : 0 ≤ t ≤ (|α|)Z}

t

x

Z
Xt

[[〈α〉f ]]Z
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Well-definedness of SdL Semantics

Theorem (Measurable)

[[f ]]Z is a random variable (i.e., measurable) for any random variable Z and
SdL term f .

Corollary (Pushforward measure well-defined for Borel-measurable S)

S 7→ P(([[f ]]Z )−1(S)) = P({ω ∈ Ω : [[f ]]Z (ω) ∈ S}) = P([[f ]]Z ∈ S)
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Proof Calculus: Stochastic Differential Dynamic Logic

〈xi := θ〉f = f θxi
Xt Xt

f θxi
xi := f (x)

xi
.

= [[f (x)]]Xt

〈?H〉f = Hf
Xt

?H

on {Xt |= H}

〈α〉(λf ) = λ〈α〉f

〈α〉(λf +νg) ≤ λ〈α〉f +ν〈α〉g

f ≤ g � 〈α〉f ≤ 〈α〉g
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 111 / 119

http://symbolaris.com/


Proof Calculus: Stochastic Differential Dynamic Logic

〈xi := θ〉f = f θxi
Xt Xt

f θxi
xi := f (x)

xi
.

= [[f (x)]]Xt

〈?H〉f = Hf
Xt

?H

on {Xt |= H}

〈α〉(λf ) = λ〈α〉f

〈α〉(λf +νg) ≤ λ〈α〉f +ν〈α〉g

f ≤ g � 〈α〉f ≤ 〈α〉g
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Proof Calculus: Stochastic Differential Dynamic Logic

〈α;β〉f ≤ 〈α〉(f t 〈β〉f )
Xt s Xt

α;β

α β

〈α〉f ≤ f � 〈α∗〉f ≤ f
Xt s1 s2 sn Xt

α∗

α α α

P(〈λα ⊕ νβ〉f ∈ S)
= λP(〈α〉f ∈ S)
+ νP(〈β〉f ∈ S)

Xt

Xt

Xt

α

β

λα ⊕ νβ
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Soundness

Theorem (Soundness)

1 Rules are globally sound pathwise, i.e., fi ≤ gi � f ≤ g holds for each
initial Z pathwise for each ω ∈ Ω

2 〈⊕〉 is sound in distribution

Theorem (Stochastic Differential Invariants)

Let λ > 0, φ ∈ C 2
C (Rd ,R) compact support on H (e.g., H bounded)

〈α〉(H → φ) ≤ λp H→φ ≥ 0 H→Lf ≤ 0

P(〈α〉〈dx = bdt + σdW & H〉φ ≥ λ) ≤ p
sound

Theorem (Dynkin for càdlàg strong Markov Xt and φ ∈ C 2
C (Rd ,R))

Af (x) := lim
t↘0

E x f (Xt)− f (x)

t
E xτ<∞⇒ E x f (Xτ ) = f (x)+E x

∫ τ

0
Af (Xs)ds

Theorem (Differential generator for SDE solution and φ ∈ C 2
C (Rd ,R))

Aφ = Lφ := b∇f +
σσT

2
∇∇f

=
∑
i

bi
∂f

∂xi
+

1

2

∑
i ,j

(σσT )i ,j
∂2f

∂xi∂xj

Theorem (Doob maximal martingale ineq., càdlàg supermartingale)

∀ f ≥ 0, λ > 0 P

(
sup
t≥0

f (Xt) ≥ λ | F0

)
≤ Ef (X0)

λ

≤ λp

λ
= p
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Proof Example

〈α〉(H → φ) ≤ λp H→φ ≥ 0 H→Lf ≤ 0

P(〈α〉〈dx = bdt + σdW & H〉φ ≥ λ) ≤ p

〈?x2 + y 2 ≤ 1

3
〉(H → φ) =

(
H → x2 + y 2 ≤ 1

3

)
(x2 + y 2) ≤ 1 ∗ 1

3

φ ≡ x2 + y 2 ≥ 0 with H ≡ x2 + y 2 < 10

Lφ =
1

2

(
−x

∂φ

∂x
− y

∂φ

∂y
+ y 2∂

2φ

∂x2
− 2xy

∂2φ

∂x∂y
+ x2∂

2φ

∂y 2

)
≤ 0

P(〈?x2 + y 2 ≤ 1

3
; dx = −x

2
dt − ydW , dy = −y

2
dt + xdW & H〉x2 + y 2 ≥ 1)

≤ (by ??)

P(〈?x2 + y 2 ≤ 1

3
〉〈dx = −x

2
dt − ydW , dy = −y

2
dt + xdW & H〉x2 + y 2 ≥ 1)

≤ 1

3
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Outline Background

6 Formal Details
Soundness Proof
Completeness Proof

7 Differential Algebraic Dynamic Logic DAL (Excerpt)
Air Traffic Control
Structure of Differential Invariants
Computing Differential Invariants as Fixedpoints
Derivations and Differentiation
Differential Variants

8 Differential Temporal Dynamic Logic dTL (Excerpt)
9 Deduction Modulo Real Algebraic and Computer Algebraic Constraints

10 European Train Control System
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Image Computation

Problem (Image Computation – generic)

Do transitions of system H reach bad state in B from an initial state in I ?
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André Platzer (CMU) Logics of Dynamical Systems LICS’12 116 / 119

http://symbolaris.com/


Image Computation

Problem (Image Computation – generic)

Do transitions of system H reach bad state in B from an initial state in I ?

I

H

H

B

Im
age

C
om

p
u

tation

M
o

d
el

C
h

ec
ki

n
g
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Image Computation: Continuous Systems

Problem (Image Computation – continuous transition)

Flow ϕ : [0,∞)× Rn → Rn reaches state B, i.e., ∃t, x0 : ϕ(t, x0) ∈ B?

B

j

x1 x2 x3
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Problem (Image Computation – continuous transition)

Flow ϕ : [0,∞)× Rn → Rn reaches state B, i.e., ∃t, x0 : ϕ(t, x0) ∈ B?

B

j

x1 x2 x3

Idea: Sample points
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x1 x2 x3
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Image Computation: Continuous Systems

Problem (Image Computation – continuous transition)

Flow ϕ : [0,∞)× Rn → Rn reaches state B, i.e., ∃t, x0 : ϕ(t, x0) ∈ B?

B
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x1 x2 x3

Idea: Sample points & derivatives
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Image Computation: Continuous Systems

Problem (Image Computation – continuous transition)

Flow ϕ : [0,∞)× Rn → Rn reaches state B, i.e., ∃t, x0 : ϕ(t, x0) ∈ B?

B

j

x1 x2 x3

Idea: Sample points & X curve & blow up to regions & . . .
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Image Computation: Continuous Systems

Problem (Image Computation – continuous transition)

Flow ϕ : [0,∞)× Rn → Rn reaches state B, i.e., ∃t, x0 : ϕ(t, x0) ∈ B?
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Image Computation: Continuous Systems

Problem (Image Computation – ODE transition)

Flow ϕ : [0,∞)× Rn → Rn solving x ′ = f (x) reaches state B?

t
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x2

x0

t
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Image Computation: Continuous Systems

Problem (Image Computation – ODE transition)

Flow ϕ : [0,∞)× Rn → Rn solving x ′ = f (x) reaches state B?

t

x

t2

x2

x0

t

too many!errors!
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Numerical Image Computation

B
Numerical

R-Turing Machine

ϕ

ϕ |= ¬B

ϕ 6|= ¬B

x ∈ Rn ϕ(x)
ϕ′(x)

x1 x2 x3

B

j

Proposition (Image computation undecidable numerically for. . . )

arbitrarily effective flow ϕ ∈ C k(D ⊆ Rn,Rm); D, B effective

tolerate error ε > 0 in decisions

André Platzer and Edmund M. Clarke.
The image computation problem in hybrid systems model checking.
HSCC, vol. 4416 of LNCS, 473–486. Springer, 2007.
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